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Abstract In several works the normalized mechanical propcrtles of composite materials with
curved structures have been studied. These investigations have been carried out relying upon various
approximate theories by employmg different kinds of hypotheses. Furthermore. there are a few
papers in which the above investigations have been carried out using the results obtained within the
framework of the piecewise-homogeneous body model with the use of exact three-dimensional
equations of linear theory of elasticity. However. under determination of the normalized mechanical
properties. these results do not enable one to take mto account the nonlinear etfects owing to the
curvature of reinforcing layers of composite materials. Using a concrete problem as an example.
the above method is developed for problems of stress-deformation distribution in such composite
materials within a !!eometric,lllv nonlinear framework and on the base of the obtained results. the
nonlinear normaliz~dmeehanie;tl properties ofeomposile material with spatially periodically curved
layers are determined.

I INTRODUCTION

In series of investigations. Bazhant (1968), Bolotin and 1\ovichkov (1980). Khoroshun and
Maslov (1980). Whitney (1966) and others have studied normalized mechanical properties
of composite materials with curved structures. Note that these investigations have been
carried out on the basis of various approximate theories using different kinds of hypotheses.
In the papers of Akbarov and Guz' (1984. 1985), based on the piecewise-homogeneous
body model using exact three-dimensional linear equations of the theory of elasticity. a
method through which the stress-deformation state in laminated composites with the curved
structures may be obtainable has been proposed. The investigations carried out recently
using the method of Akbarov and Guz' (1984) [the review of these investigations is given
in detail by Akbarov and Guz' (1992)] enabled Akbarov 1'1 (/1. (1992) to determine the
normalized mechanical properties of the above composite materials using the results
obtained within the framework of the piecewise-homogeneous body model. However. using
determination of the normalized mechanical propeties. the results of the research reviewed
in the paper by Akbarov and Guz' (1992) do not allow nonlinear effects owing to the
curvature of reinforcing layers of composite materials to be taken into account. It is evident
that these nonlinear effects may be taken into account only using the results obtained from
the exact equations of the nonlinear theory of elasticity. Thus, in the present paper, with a
concrete problem as an example, the method by Akbarov and Guz' (1984) is developed for
the case of problems of stress-deformation distribution in composite materials with curved
structures within a geometrically nonlinear framework. By employing the obtained results.
the nonlinear normalized mechanical properties ofcomposite material with spatially period
ically curved layers are determined.
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2. FORMULATION AND METHOD OF SOLUTION OF STRESS-DEFORMATION STATE
PROBLEMS

Consider the laminated composite material which has an infinite number of cophasi
cally curved layers alternating in the direction of the OX2 axis (see Fig. I). Suppose that
these layers are periodically curved in the directions of the OXI and Ox, axes. The values
related to the matrix will be denoted by superscripts (I), and the values related to the filler
by superscripts (2). Taking into account the periodicity of the composite structure shown
in Fig. I in the direction of the OX2 axis with period 2(H I2 ) + H( I »), where 2H( I) is a thickness
of the matrix layer and 2H12

) is a thickness of the filler layer, among the layers considered
we single out two of them, i.e. III), 112 ) (see Fig. I), and discuss them below. We associate
the corresponding Lagrangian coordinates Olk)>,;\k l X~k) X~k) (k = 1,2) which in their natural
state coincide with Cartesian coordinates and are obtained from OXIX2X, by parallel
transfer along the Ox 2 axis, with the middle surface of each layer of the filler and the matrix.

Throughout the investigations repeated indices are summed over their ranges, however,
underlined repeated indices /s., {and (f5.J are not summed. The angle brackets <> are also
used throughout the paper to denote the integral throughout the volume of the rep
resentative element.

Now we investigate the stress-deformation state in the above body under loading "at
infinity" by uniformly distributed normal forces of intensity PI in the direction of the OXI

axis. Note that PI denotes the stress averaged over the total area of the considered body
affected by the normal external force in the Ox I direction.

Assume that the matrix and filler layer materials are homogeneous, isotropic and
linearly elastic. For each layer we write the equilibrium equations, Hooke's law and geo
metrical relations as follows

(1)

The notations used in eqn (I) are conventional.

-

PI

Fig. I. The structure of composite material with alternating cophasically spatially periodically
curved layers.
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Suppose that the conditions of complete cohesion are fulfilled at the interface between
matrix and filler materials. On the basis of the above. the contact conditions can be written
in the following form:

[(1)"+ ~u!~I)alllll u" = [(6"+ (~U2~)aI2J11 u±
I -: _i \ } III I I (""..1.',1,21 III .\'i I

( .\" 5;' .l..

(2)

where Si (S-) is upper (lower) surface of fl21 layer of the filler (see Fig. I), n7 (nn are the
orthonormal components to the surface S+ (S ).

We write the equation of the middle surface of the layer fl2 i as

(3)

Here c; E [D,a) is a dimensionless small parameter and a < I. The geometric meaning of c;

and a will be described by the specifically prescribed form of function (3). We assume that
the function F(X\2 1

, X\21) and its first order derivatives are continuous and satisfy the
following condition:

(4)

In the considered case the function (3) is selected in the form:

(5)

where L) is the length of the arrow of curving rise. I) and I, are the wavelength of the forms
of middle surface curving in the OX I and Ox, directions. respectively.

With the assumption L) < II. the value of the small parameter is selected as

(6)

Introducing the parameter ;. = II I, and taking into account eqns (5) and (6), the above
mentioned a is defined from eqn (4) as:

(7)

Thus, by the above. within the framework of the piecewise-homogeneous body model
with the use of exact three-dimensional equations of the nonlinear theory of elasticity with
only geometrical nonlinearities, the problem is treated exhaustively. For the solution of this
problem the following method is proposed.

The values characterizing the stress-deformation state of arbitrary Ilklth layer are
sought in series form in terms of the parameter I: as follows:

(a!:'I, l:i:,l, U,!kl] I l:'/lagl'l. £):'1'1, U,Ik)'/}.
(1 '""' Ii

(8)

Using the condition of constant thickness of the filler layers and eqns (3) and (4) the
following equations are derived for surfaces S± (see Fig. I):
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(9)

where 11 and t; are parameters and 11, I, E( -X), + CI)).
Similar expressions can also be derived for n,± . Taking into account the expressions of

the X;:1 1 .117 we expand the values of each approximation (8) in series in the vicinity of
(11. ±H"'. t;) and after some operations we obtain from eqn (2) for each approximation
the corresponding contact relations. The contact relations associated with the qth approxi
mation contain the values of all previous approximations. Substituting (8) in (1) and
comparing equal powers of /; to describe each approximation, we obtain the corresponding
closed system equations. Owing to the linearity of Hooke's law, it will be satisfied for every
approximation (8) separately. The remaining relations obtained from eqn (1) for every qth
approximation contain the values of all previous approximations.

To simplify the exposition. we write the above relations for the zeroth and first
approximations.

The ::.erolh apprOXilJWliol1

In this case eqn (1) holds and we obtain from eqn (2) the following contact conditions:

(10)

ThefirSI appro.YinWliol1

The equilibrium equations in terms of displacements are

(II)

whereas geometrical relations are given by

(12)

and contact conditions become

_ U I [( 1+ 111) 11,.0 _( 1+ Ic,) 121.0] - (I + (2») (2).11 (I (1») (11.11
c

Yo
. .if; (Tn /h .1T." - 9, (Tn (l1.±II"'J,) - +g, (Tn (l1.+Hli'.I,),

(- .' (.'1 !\)

(13)

In eqn (II). L;;" are operators and they are defined by the following expressions:
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L lkl
- "11 - L.

i = I

L~kj = I
1= I

L 1k ) 
1,1 - I

i= I

a2
C1kl __-

31 ~ I')) 0
O(X,.l1 -

(14)

The following notations are used in (14) :

a lkl .O

Clk) = ~(I +q\kl)2 + I~_(I +v1k)) C./1 = 1-( 1+ q1kl)2
31 .2 ' J E'/il . . ,1 :! ,1 ,

where

CU 1kl .O

Ikl 'g, =----
Dx;!.J

(16)

In eqns (15) and (16), Elkl and Vlk ) are Young's modulus and the Poisson coefficient,
respectively.

Note that when the expressions (11)-(16) are written, we take into account that the
values of the zeroth approximation correspond to the uniform stress state in every con
sidered layer. Furthermore, note that the analogous equations can be written for the values
of the subsequent approximations.

Consider now the determination of the zeroth and first approximations. It follows
from the foregoing and from eqn (10) that the zeroth approximation corresponds to the
stress-deformation state in a laminated composite in the case of an ideal (uncurved) layout
of the layers with a prescribed form of the external forces. Therefore, in the case under
consideration for determining the zeroth order approximation, the nonlinear terms in eqns
(I) and (10) can be neglected with sufficiently high accuracy. Thus, the zeroth approxi
mation may be assumed to correspond to geometrical linearity. In this case, from the
statement of the problem on the zeroth approximation, we may write
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rr\'iO = rrj'iO = rr\'l° = rrj'Jo = 0, k = 1,2. (17)

Taking into account eqns (1) and (17). and the relations

we obtain the following expressions for the zeroth approximation:

(18)

"..(2 ).0
u 3J

~III.O
v II

elk) = const. (19)

Note that in the case, when 1'(1 1 = Vi:), we obtain rrW'o = rrW'o = 0 from eqn (19).
Consider now the determination of the first order approximation. In this case, we

suppose that Viii = ViCl = v. Taking into account eqns (5) and (13), the displacements in
this approximation are represented in the following form:

2J[ k 2J[ k' 2J[, 2J[ (,) 1
+sin!lx\lcos'!l x~-)6i+sint:x\!i)sinT;x3':b;). (20)

Substituting eqn (20) into (II), we obtain the following system of ordinary differential
equations for the determination of the unknown functions cp\k l :

where

0=1,2,3, (21)
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(22)

Following some transformations and taking into account eqns (10)-(22), the rep
resentations for the functions cp)A) are obtained as:

(23)

where

(24)

and X'A !, 'PIAl are the solutions of the following equations:

(25)

(26)

In eqns (25) and (26), ait l
, a\AI and a~AI are

(27)

Taking into account that the unequality ), « I is practically true, we prove by direct
verification that the roots of characteristic equations corresponding to the differential
equations (25) and (26) are real and complex numbers, respectively. Furthermore, taking
into account that in the considered case, (JIN I and (J~Ar 1 must be even functions with respect
to X~A), the solutions of eqns (25) and (26) are selected in the following form:
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where
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(
X(k»)

\{I(k) = A (KI cosh / a(K) 2n~
I 'v 0 II'

[

I .Ie (kJ ]1;2
'(k) _ '(K) 2 '(iii 2 14_+ 11
), I .2 - [( )'1 I) + (J. 2 I)] ") - 2( . , (K») 2 ( , (K») 2) 12

~ (All + A 21

(28)

a\k)

2 '
(29)

Using eqns (23) and (I), the equations for the determination of the unknown constants
A\kl, B\k), Bikl entering into eqn (28) are obtained from eqn (9).

Thus from eqns (28), (29) and (23) and from Hooke's law, we completely determine
the first order approximation. In this case, the components of the stress and deformation
tensors can be represented by

(30)

where IJ( are Kronecker symbols, gifl I (xiK»), dWI I (xi"») are the known functions defined by
eqns (28), (29), (23) and (I). Owing to the cumbersome forms of these functions we prefer
not to show them here.

Taking into account some obvious changes and continuing this process in a similar
manner, we can also determine, in principle, subsequent orders of approximations, the
expressions of which are obtained in the form of the separation of the arguments as in eqn
(30).

Thus, from the above the stress-deformation state in the every component of the
considered composite material is determined with sufficiently high accuracy.

3. DETERMINATION OF NORMALIZED MECHANICAL PROPERTIES

As is well known, for the determination of the values of the normalized modulus of
elasticity, it is necessary first to select the representative element and to define the averaged
values of the components of the stress and strain tensors over the volume V of this element,
i.e.

I ~

«(J,) = VJ(J" d V, (£,) = ~ r. £Ij d V.
V Jv

(31 )

However, for definition (31) it is necessary to know the distribution of the stresses and the
strains in every component of the representative element.

Consider the calculation of the integrals (31) in the above case. We attempt to present
another point of view on the method described in Section 2. We denote by !5(k) the region
occupied by the I (kith layer in the considered composite. The coordinates of points in the
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region are denoted by .\'ikl in the corresponding system of coordinates Olk) X\k),~kl X~kl. Thus,
the functions described the stress-deformation state in the I Iklth layer will be dependent on
the coordinates .\'ik' .

Now for each region /51"1 we choose a strip Dlkl, the thickness of which is equal to the
thickness of the layer occupied by the region /5lk) Coordinates of the points of the strip
Dlkl are denoted by X\kl,X~kl, and X\k l where X\kl,X~kIE(-ec,+ec) and
_Hlk) ~ X~k) ~ +Hlk). It is required that between coordinates ."X'!" and X!k l the following
relations should be satisfied:

for the matrix layer:

(32)

for the filler layer:

(33)

In eqns (32) and (33) suppose that X\II X\CI XI' xV' ,';'1 = X,. Note that formulae
(32) and (33) are obtained by direct verification. The conclusion may be drawn that by
using (32) and (33) the points of the strip D lkl are uniquely mapped into points of the
region (the layer) /5l k l.

Taking into account the considerations presented, the essence of the method described
in Section 2 may be formulated in the following form. The solutions of the nonlinear
equations (I) in the regions 15lk

) satisfying the contact conditions (2) and the corresponding
boundary conditions are reduced to the solutions of the successive linear boundary problems
in the regions (strips) D 1kl

• In this case the functions describing the stress-deformation state
in layers (regions) 15lkl are determined by the following formulae with functions which are
the solutions of this series of linear problems for regions Dill) :

(34)

where

P);)II = (Jif'lI, P,lt'l = (J)f!l,

(35)
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If we substitute a)7)'" by E!7 1
.'I in eqn (35), we obtain the formulae for the definition of

e,(7)·'!. Note that by writing (i\k), .X~k), "X~k), as represented by eqns (32) and (33), instead of
(X\k), X~ki, X~k) in eqn (8), and expanding the values of every approximation in the series in
the vicinity of (X\k), X~k), X~k), followed by classifying in equal powers of e, we can obtain
expressions (35). After these preliminary operations, consider the calculation of the integrals
(31). For this purpose, we separate the representative element in considered composite. By
direct verification we prove that such element may be only the element indicated in Fig. 2.
The volume of this element we denote by Vand represent it in the form V = V(l)+ V(2),
where V(2 1(V( II) is the part of V filled by the layer of the filler (the matrix). Furthermore,
we require that the coordinates of points of the Vare determined with the help of eqns (32)
and (33) in the case when

6 <: .,kl <: ~
4 "" ., I "" 4 '

(36)

After separations of the above representative element, we determine the average values of
the stress and strains over the volume Vof this element i.e.

(37)

Taking into account that with the change of the coordinates .X,(k) in the volume V(k) the
coordinates xl k

) in eqn (33) also change, we obtain from eqn (34)

(38)

where

k = 1,2. (39)

Writing the expressions of P!l)'!, e!ll'! by aLkl.", e)7 1
'1 and calculating the integrals (39), we

Fig. 2. Representative element selected from the considered composite materiaL
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determine <(I,), from eqns (38) and (37). After these operations we define the defor
mation energy U accumulated in a selected representative element. In the considered case,
after some transformations, we ohtain

L· - IE' (1 +,.~., + .~" + )'~- = I (, I ~ (, j 4 • •• I ..

where

As an example, we v\ ritc cxpressions for ~" :

(40)

(41)

_ , /:'1
", = (P-, '> +,- ,I., /;,':1

where

(42)

iF;'f> = i I<P;'f>. = i I <('if>.

(43)

According to the well known procedure. hy differentiating the expression U (40) with
respect to i" we definc

(44)

Thus, we ohtain the expression for the construction of the nonlinear dependences
between the averaged values of the stress and strain under uniaxial loading in the direction
of the OXI axis of the considered composite material having the structure illustrated in Fig.
I. Note that the above nonlinearity arises as a result of the curvature of the reinforcing
layers in the composite material. Moreover, note that in eqns (40)· (42), £1 is a normalized
modulus of the considered composite material in the direction of OX 1 axis (see Fig. I) in
the case of ideal layout of the layers in it. In other words, if E; = 0 we obtain £1 = £1 from
eqn (40).

.j '-'l'vlFRICAL RFSlLTS

Now consider a scrics of numerical results ohtained within the framework of the above
approach and investiga te the influence of the change of structural parameters of composite
materials shown in Fig. 1. on the character of relations hetwccn £1 (i)!£1 and i., and
between <(JII>£1 and i, as well. In this case, we use only the first two terms of the series
(40) and suppose that "II = ,':1 = 0.3, ;; = 0.O~5 (unless otherwise specified). The parameter
I( = 27[H(~I!/1 is introduced. The uniaxial tensIon and uniaxial compression are investigated
separately.
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Fig. (irarhs of relations between [,(i)!:',. (<1,,)'E, and deformation i. at ri'" = 0.5. In the case
of tension.

Uniaxial {I:'nsioll

In this case. we suppose that PI > O. The dependences between EI (i.)/E I and A (Fig.
3a) and hetween <all> and ic (Fig. 3b) are shown in Fig. 3 for the cases}' = 0.1,1.0,1.5 at
E(CI/£III = 50, 1(' = 0.5, /{ = O. I. These graphs show that at A~ 0.04 with increasing }. the
stiffness of the considered composite increases insignificantly. However, with A > 0.04 with
increasing I. the above-mentioned stiffness increases sharply. Furthermore, it follows from
the graphs shown in Fig. 3b that in this case, for i. ~ 0.03 the dependences between <a II >/E]
and i. are linear with sufficiently high accuracy. For A > 0.03 the above dependences are
characterized by clearly defined nonlinearity. Note that analogous results are obtained with
other values of parameters of the considered problem. Moreover, note that from comparison
of the graphs constructed using various values of}' it follows that by increasing y the degree
of the nonlinearity of investigated dependences weakens insignificantly.

To investigate the influence of the change of E(2) /E I I) on the character of the above
dependences, consider the graphs in Fig. 4, which are constructed with the use of values
/(1 = 0.5, 1\ = 0.05, }' = 0.1. These graphs show the relations between EI (Je)/ E I and A (Fig.
4a), and between <(JII>IE I and J. as well (Fig. 4b) with E(2)/EI I

) = 20,25,30,35,50 and
100. It follows that with increasing E(2)/Ell), the non-linearity of the investigated depen
dences hegins in the early stage of the uniaxial deformation in the direction of OXI axis
from these results.

Consider the curves shown in Fig. 5 and constructed at}' = 0.1, 1.0, 1.5 which indicate
the relations between EI (J.)/E 1 and i. (Fig. Sa) and between <all>IE] and ;. (Fig. 5b) as
well in the case 1(1 = 0.35, /{ = O. I, £(2]/£( I I = 50. The comparison of these results with
those given in Fig. 3, obtained with the same values of the parameters K, £I 2 )/E(1) and y in
the case 1(1 = 0.5, proves that by decreasing the filler concentration in the considered
composite (i.e. 1(1), the value of the deformation (i.e. A) after which the nonlinearity of
investigated dependences begins, increases.

05,r-------y----.--r------.

18r-----y-------.-----.----.
8

08

0.1

0.05

07 ~U--~2----:-,,---~6---.J

;U02 -

o 2 8

a b

Fig -1 (iraphs illustrating the influence of the change of £,o'i£'" on the character of relations
het ween P, (i) F,. <<1" \ F, and deformation i .. In the case of tension
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0 2
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Fig. 5. Graphs of relations between £, (1.)/ £,. ("" > f;, and deformation ;. at rr'" = 0.35. In the case
of tension

With the above result we restrict ourselves to the analysis of the results obtained in
uniaxial tension of the considered composite material in the direction of the Ox 1 axis (Fig.
I.) From this analysis we may conclude that by growing deformation, the curvature of
reinforcing layers in the composite material leads to increase of the stiffness under the
tension of the considered material.

Uniaxial compression
To investigate the relations between El V) 1:'1 and) and between «(JII)!£1 and Ain the

case when PI < O. The graphs of the above relations are shown in Fig. 6 for the cases
y = 0.1, 1.0, 1.5 at 1](2) = 0.5. £(1) E' II = 50 and k: = 0.1, 0.02.

The above curves show that by increasing i the values of EI (A) (Fig. 6a) decrease
steadily. Moreover. these curves show that subsequent to a certain stage of the deformation.
the dependences between «(JII) and i (Fig. 6b) become nonlinear. Note that unlike the
uniaxial tension in the considered case. i.e. in the uniaxial compresion, by increasing ;., the
stiffness of the composite material with the structure considered. reduces.

The comparison of results obtained for various values of k: and y shows that with
increasing the pliancy (i.e. by decreasing the values of k:) of reinforcing layers, as well as,
by decreasing (, the above nonlinearity (between «(JII);E l and A) arises in an earlier stage
of the compression deformation.

The graphs (Fig. 7) constructed with use of the values I: = 0.015, ,'= 0.1,1]( 2
) = 0.5

and k: = 0.1 demonstrate the influence of the change of E,2 ';EI I
) on the character of the

investigated dependences. It follows that by increasing £121!E 'li the nonlinear character of
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Fig. 6. Graphs of relations between £, (}) £,. ("" > f;, and deformation ;. all/I" = 0.5. In the case
of c0l11pressiul1
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Fig. 7. Graphs illustrating thc influcncc of the change of I:":":E" on thc character of relations
between [,(i.j·E" (<J,.)E and deformation i .. In thc case of compression.

the dependences between £1 (I.) /E I and i. (Fig. 7a) and between <cr II) /E I and I, (Fig. 7b) is
observed in an earlier stage of the deformation.

Note the following conditions obtained from the results shown in Figs 6 and 7. These
results prove that in the relation between <crll)/EI and i. there is a value of i. under which

d<crll)
d

. = O.
/.

(45)

Subsequent to this value of i., with an insignificant increase in i" the stress <cr ll ) decreases
sharply. It is known that the analogous phenomenon in fracture mechanics is called
"material instabilities", and in certain cases is applied as a criterion of fracture of materials.
From the above we may conclude that the relation (45) can be applied as a criterion of
fracture of the considered composite materials under uniaxial compresion in the direction
of the OX I axis (see Fig. I). In the opinion of the author, the theoretical and experimental
study of the fracture of the considered composite materials by applying the criterion (45)
is the subject of important separate investigations.

Thus, taking into account the obtained results, we may conclude that under uniaxial
compression of the considered composite in the direction of the OXI axis (see Fig, I) by
increasing the deformation, the stiffness of this material decreases.

Considering the reliability of the analysed numerical results, which have been obtained
with the use of only the first two terms of the series (40), in the sense of the numerical
convergence of these results. Note that preliminary investigations of the stress-deformation
state in the considered composite material in the framework of the above formulation,
show that in the range of values of the structural parameters of the considered problem,
the contribution of the third and subsequent orders of approximations on the values of the
stress and deformations have the order of 10'-10"6. Moreover, note that the index 2k in
,'2k, which enters expression (40), shows the number of the approximation order up to
which all previous order approximations enter the expressions of }'1k' For example, the
values of the zeroth, the first and the second order approximations enter the expression of
i'1 (42). Consequently, it follows from the above and from the proposed approach that the
contributions of {'4, {'h"" to the values of U (40) will also have the order of 10- 5-10- 6

.

Thus, the numerical results analysed in this paper may be considered as sufficiently reliable
in the sense of numerical convergence.

It is obvious that in other cases which do not enter the framework of the above stated
cases, it is necessary to take into account the subsequent order approximations (i.e. }'4,

"6' ...)for the calculation of the considered normalized nonlinear mechanical properties.
In conclusion, note that the method proposed in this paper. with obvious changes,

may be applied for the other normalized nonlinear mechanical properties of composite
materials with curved layers.
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